In this paper, we will study the isometric extension problem for L 1 -spaces and prove that every surjective isometry from the unit sphere of L 
a Banach space E can be linearly isometrically extended. The first author [13] improved this result and proved that every surjective isometry from S(L ∞ (Γ )) ( 
or S(C (Ω))) onto S(E)
can be extended to a linear isometry on the whole space.
As a continuation of [4, 13, 22, 26] , we shall study the isometric extension problem for L 1 -spaces and prove that every surjective isometry between the unit spheres of L 1 (μ) and a Banach space E can be extended to a linear isometry from L 1 (μ) onto E. Thus we give an affirmative answer to the isometric extension problem for the L 1 case.
Approximate isometric extension problem
Recall that a mapping T from a subset S of a normed space E to another normed space F is called an -isometry if
It is called an approximate isometry if it is an -isometry for some 0. In 1945, D. Hyers and S. Ulam [11] introduced the approximate isometries (see also [3, 12, 17, 18, 21] ), for which we can also consider the corresponding extension problem. A basic question is whether T can be extended to an approximate isometry on some bigger set containing the unit sphere. Naturally, the unit ball is our first candidate, also because the approximate isometries of balls are very important in recent research (see [12, 14, 16] and references therein). Thus, we formulate the approximate isometric extension problem as follows: Problem 1.2. Let E and F be Banach spaces and 0.
(i) Does there exist a constant K > 0 such that for any bijective -isometry T : S(E) → S(F ), there always exists a bijective
(ii) If the answer to the previous question is affirmative, then find the optimal value of K .
In Section 3, we shall give some properties of the approximate isometries on unit spheres and prove that, if E and F are Banach spaces and E has property (m) (some special cases are L ∞ (Γ ), C 0 (Ω) and L ∞ (μ)), then every bijective -isometry between the unit spheres of E and F can be extended to a bijective 5 -isometry between their closed unit balls. Note that when = 0, then we get a generalization of the main results in [4, 7, 8, 13, 23] . Moreover, we will give an example to show that the surjectivity condition in our results cannot be omitted. Using this, we solve the following non-surjective isometric extension problem [22] in the negative.
Problem 1.3.
(See [22] .) Let E and F be Banach spaces. Assume that V is an isometry from S(E) into S(F ). Does there exist an isometry T from E into F such that T | S(E) = T ?
Notations and definitions
We denote the sets of real and complex numbers by R and C, respectively. Notice that the answer to the isometric extension problem is obviously negative for the complex case (for example, define an isometry V 0 : T → T by V 0 (z) =z for all z ∈ T). Thus, we consider the spaces only over the real field.
Let E be a Banach space, denote S(E) = {x: x ∈ E, x = 1} and B r (E) = {x: x ∈ E, x r}, and let B(E) = B 1 (E) for abbreviation. For every x ∈ S(E), the star of x with respect to S(E) is defined by
In this paper, we will use the standard notations of vector lattices, and for other notations we follow the definitions in [2, 19] . When E is a Banach lattice, let E + = {x: x ∈ E, x 0} which is called the cone of positive elements, and
, and we denote the w * -closure of K 0 (E * ) by K (E * ).
Assume that (Ω, Σ, μ) is a measure space. Then for every real measurable function f on Ω,
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Please recall the well-known S. Kakutani's Representation Theorem: 
is a convex subset of S(E).
(
The following result gives some conditions under which we can get an affirmative answer to the isometric extension problem. 
then V can be extended to a linear isometry from E onto F . Now, we require some basic facts for L 1 (μ).
The following lemma is easy to prove using Lemma 2.5.
Lemma 2.6. For every A ∈ Σ , we have
For obtaining our main theorem, the following lemmas are required.
Proof. By Lemma 2.6(i), we obtain that the set St
It is easy to check that St(−x) = − St(x) for all x in S(E). By Proposition 2.2(ii) and the above fact we deduce that
Please notice that the following result characterizes the crucial composition maps L A V , which leads to our main theorem.
On the other hand, by (2.5), we have
Therefore, the inequality in (2.6) becomes equality, that is to say, the following equalities both hold:
Then we obtain that
Thus, we complete the proof. 2
The following is our main theorem in this section, which gives an affirmative answer to the isometric extension problem for L Theorem 2.9. Let E be a Banach space.
. Then by Lemma 2.8, we have
Thus, for every x 1 , x 2 ∈ S(E) and λ ∈ R, we have
So, by Proposition 2.4, there exists a linear surjective isometry
V : E → L 1 (μ) such that V | S(E) = V −1 . Obviously, the inverse mapping V −1 : L 1 (μ) → E is
also a linear surjective isometry and satisfies that
In fact, the surjectivity condition in Theorem 2.9 cannot be omitted. The following is an example.
Example 2.1. Define a mapping V c : S(
1 ) as follows:
1 .
It is easy to know that V c is an isometry. If there is an additive isometry V c :
1 )
= V c , then we have
, which leads to a contradiction.
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Property (m)
First, we give the definition of property (m) and some related basic results. 
(ii) For any x * 0 ∈ A(E * ) and any nonempty subset
We will know that L ∞ (Γ )-type spaces [4] and a large class of AM-spaces have the property (m). 
Without loss of generality, we can assume that A is w * -closed. Then, by the hypothesis,
which follows that x * 0 / ∈ span{x * } for all x * ∈ A. By the separation theorem with respect to the w * -topology, there is a z x * ∈ E such that x * 0 (z x * ) = 1 and x * (z x * ) = 0. Since we have
then for any t > 0, define
Clearly, U x * is a w * -open set containing x * , which follows that A ⊂ x * ∈A U x * . By Alaoglu's Theorem, A ⊂ B(E * ) is w * -compact. Then there are finitely many
For any x * ∈ A, assume that
Thus we complete the proof. 2
By the famous representation theorem on AM-space, we immediately obtain the following consequences. 
Approximate isometries between unit spheres
In this subsection, we will give some new properties of the approximate isometries between unit spheres.
Proposition 3.5. Suppose that E and F are Banach spaces and that E has the property (m). Assume that 0 and T : S(E) → S(F )
is an -isometry. Then we have
for every x 1 , x 2 ∈ S(E) and λ 0.
Proof. By the hypothesis, there is subset A(E * ) of S(E * ) satisfying all the conditions in Definition 3.1. Fix any x 1 , x 2 ∈ S(E).
For every x * 0 ∈ A(E * ) and 0 < t < 1/3, we define
Obviously, A t is w * -closed related to A(E * ) and x * 0 / ∈ A t . Then we can find an x 0 ∈ B(E * ) satisfying Definition 3.1(ii).
Claim.
There is an f x * 0 ∈ S(F * ) such that the following two inequalities hold:
Then for every x * ∈ A t and i ∈ {1, 2}, by Definition 3.1(ii)(b)
we have
And by (3.1), for every x * ∈ A(E * )\A t , we have
Thus,
Similarly, we have
Thus, by the above (3.2), (3.4) and (3.5) we obtain that
(3.6) By Definition 3.1(ii)(a), we get that 1 − t x * 0 (x 0 ) 1, which implies that
Thus, by (3.6)-(3.8) and the hypothesis that T is an -isometry, it follows that Then we obtain the following two inequalities:
and
Moreover, by (3.6)-(3.8), for each i ∈ {1, 2}, we have
which follows that
Thus, by (3.11)-(3.13), we have
Thus, we complete the proof of the claim. Then, by setting
Thus, for any λ 0, we have
Since t can be arbitrarily small, we complete the proof. 2
The following is an immediate consequence.
Corollary 3.6. Suppose that E and F are Banach spaces and that E has the property (m). Assume that T : S(E) → S(F ) is an isometry.
Then
The following result is a generalization of the main theorem in [8] . Notice that our proof is much simpler than the original one.
Proposition 3.7. Let E and F be Banach spaces. Suppose that 0 and that T : S(E) → S(F ) is an -isometry. If there is a real
Proof. Fix any x 1 , x 2 ∈ S(E) and λ ∈ [0, 1), and define
Obviously, f (0) = λ < 1 and
Since f is continuous, there is a t 0 ∈ (0,
It is easy to get that
Then by the hypothesis, we have
2 Let = 0 and ρ = 0, we obtain the following corollary. 14) for all x 1 , x 2 ∈ S(E) and 0 λ < 1.
Corollary 3.8. Let E and F be Banach spaces. Suppose that 0 and that T : S(E) → S(F ) is an isometry. If
Proof. Firstly, by Proposition 3.5, we obtain the left half part of (3.14). On the other hand, this implies that the inverse map T −1 satisfies
Obviously, T −1 is an -isometry. Then by (3.15) and Proposition 3.7, for all y 1 , y 2 ∈ S(F ) and 0 λ < 1, we have
It follows that
Corollary 3.10. Suppose that E and F are real Banach spaces and that E has the property (m). Assume that
0 and that
for all x 1 , x 2 ∈ S(E) and 0 λ < 1.
Applications on approximate isometric extension problem
Now we give our main theorem, which under some condition gives an affirmative answer to the approximate isometric extension problem. 
Obviously, T | S(E) = T and T is a bijective mapping with T (θ) = θ . We only need to prove that T is a 5r -isometry, which can be sufficiently verified in the following two cases:
Case I. If x 1 , x 2 ∈ S(E) and 0 λ r, then by (3.16), we have
Case II. If x 1 , x 2 ∈ S(E) and 0 λ 1 < λ 2 r, then by Corollary 3.10,
Then the following is a straight consequence.
Corollary 3.12. Suppose that E and F are Banach spaces and that E has the property (m). Assume that 0 and that T : S(E) → S(F ) is a bijective -isometry. Then T can be extended to a bijective 5 -isometry T from B(E) onto B(F ) with T (θ) = θ .
For the special case of = 0, we obtain a generalization of the main results in [4, 7, 8, 13, 23] . 
(ii) T can be extended to a linear isometry from E onto F .
Proof. (i) By Corollary 3.10, we can immediately get this conclusion.
(ii) From Theorem 3.11, we know that T can be extended to an isometry T from B(E) onto B(F ) with T (θ) = θ . Then, by P. Mankiewicz's Theorem [15] , we complete the proof. 2
From the following example, we know that the surjectivity condition in Theorem 3.11 cannot be omitted. 
Then T α is an isometry and cannot be extended to an isometry from B r (l
∞ for any 3 r < 4 − α.
Proof. Obviously, T α is well defined. Assume that x = (x 1 , x 2 ) and y = (y 1 , y 2 ) belong to S(l (2) ∞ ). It is easy to see that T α x − T α y = x − y holds when x, y belong to the same case. So we verify it when they are in the different possible positions: (y 1 , 1) .
Case II. If x 1 = 1, x 2 0 and y 1 0, y 2 = 1, then it is easy to see that
Thus, we get The other cases can be easily verified in a similar way. Thus T α is an isometry. Now, we shall prove that, for any 3 r < 4 − α, T α cannot be extended to an isometry from B r (l (2) ∞ ) into l (3) ∞ . Suppose that, for some 3 r < 4 − α, there is an isometry T α : B r 0 (l (2) ∞ ) → l and we have T α ((−1, 1)) = (−1, 1, α) . Let T α ((1, r 0 )) = (a, b, c) , then r 0 + 1 = (1, −1) − (1, r 0 ) = |a − 1| ∨ |b + 1| ∨ |c + 1|, 1) − (1, r 0 ) , which leads to a contradiction. 2 Remark 3.1. In particular, by Example 3.1, we solve the non-surjective isometric extension problem [22] in the negative.
Furthermore, from the following result, we know that the non-surjective isometric extension problem is stronger than original isometric extension problem. Proof. Let V be the extension isometry from E into F such that V | S(E) = V . Then by T. Figiel's Theorem [10] , we know that there is a linear continuous operator G : span( V (E)) → E such that G = 1 and G( V (x)) = x for all x ∈ E. Then for any x 1 , x 2 ∈ E and λ ∈ R, we have
Then it is easy to complete the rest if we proceed as the proof of Theorem 2.9. 2
